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One out of many emerging implications from solutions of Einstein’s general relativity equations
are closed timelike curves (CTCs), which are trajectories through spacetime that allow for time
travel to the past without exceeding the speed of light. Two main quantum models of computation
with the use of CTCs were introduced by Deutsch (D-CTC) and by Bennett and Schumacher (P-
CTC). Unlike the classical theory in which CTCs lead to logical paradoxes, the quantum D-CTC
model provides a solution that is logically consistent due to the self-consistency condition imposed
on the evolving system, whereas the quantum P-CTC model chooses such solution through post-
selection. Both models are non-equivalent and imply nonstandard phenomena in the field of quantum
computation and quantum mechanics. In this work we study the implications of these two models
on the second law of thermodynamics – the fundamental principle which states that in an isolated
system the entropy never decreases. In particular, we construct CTC-based quantum circuits which
lead to decrease of entropy.
PACS numbers: 03.67.Hk, 03.67.Dd, 04.20.Gz
I. INTRODUCTION
A concept of voyage through time has been puzzling
modern physicists for a long time. Einstein’s general the-
ory of relativity allows the existence of closed timelike
curves (CTCs) [1, 2], where an object could travel back
in time and interact with a former version of itself.
The possible existence of CTCs points to a variety of
logical paradoxes, such as famous grandfather paradox
[3]. However, such paradoxes can be efficiently eliminated
in quantum theory. One of the models that does so was
proposed by Deutsch [4]. His model of CTC (D-CTC)
operates within the density matrix formalism to describe
the states of the two registers involved: a chronology-
respecting (CR) system and a CTC chronology-violating
(CV) quantum system, which interact with each other
via some unitary operation. For any such unitary op-
eration and state of the CR system, a self-consistency
condition [5] must be satisfied, where the state of the
CV system prior to and after the interaction is set to
remain the same. Such condition ensures the exclusion
of the arising grandfather-like paradoxes, but also intro-
duces a nonlinear evolution. This, in turn, gives rise to
peculiar phenomena, e.g., violation of no-cloning theo-
rem [6, 7], increasing entanglement with LOCC [8], and
distinguishing non-orthogonal quantum states [9] which
has been experimentally simulated in [10]. In addition,
there exist another unusual implications of this model
concerning the possible enhancement of power of D-CTC-
assisted computation, such as the equivalence of classical
and quantum computing or the ability to efficiently solve
NP-complete and PSPACE-complete problems [11–13].
Bennett et al. [14] questioned all of above implications
showing that they simply stem from “falling into a linear-
ity trap”, i.e., generalization of the analysis made for pure
input states to their mixture. Due to the classical igno-
rance one can have about the preparation of a state, the
authors considered as an input state a classically-labeled
unknown mixture of states, where the labels are encoded
in orthogonal states of some reference system. When an-
alyzing the evolution of such mixture in the Deutsch’s
model, one gets that the output of a D-CTC-assisted cir-
cuit may become independent of the input data, in par-
ticular, all the correlations between CR system and the
reference system can be lost. This comes from the non-
linear evolution, where the map acting on the mixture of
states is not equivalent to a mixture of states individually
acted upon this map. Based on this argument, Bennett
et al. concluded that the use of D-CTC does not entail
any computational benefits and that observation of the
phenomena against quantum postulates is blurred. How-
ever, the work of Bennett et al. [14] was undermined by
other authors [23, 24], and the correct approach to the
computation in D-CTC model still remains debatable.
Different idea for a computational model of time travel
which uses post-selected teleportation (P-CTC) came
forth initially from Bennett and Schumacher [15], and
was subsequently developed in [16–18]. In a P-CTC
model, the evolution of a time-traveling quantum state
is described by a well-known, but modified, quantum
teleportation protocol without communication. Namely,
standard Bell measurement is replaced by a projection
into a fixed state |Φ+〉 and renormalization of probabil-
ities. The renormalization proceeds as follows: if the
projection does yield identically zero, then the output is
not defined and the evolution is lost; if the probability of
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2a desired outcome is nonzero, it is renormalized to 1. The
first rule allows to avoid logical paradoxes, and occurs for
a set of input states of measure 0. Note that in D-CTC
model the consistent solutions exist for any given input
CR states.
One of the causes for the arising peculiar phenomena
against quantum mechanics in Deutsch’s model was a
nonlinear evolution. Likewise, in a CTC model with post-
selection we deal with a nonlinear process, however of a
different nature than in D-CTC, i.e., nonlinearity comes
from the renormalization of the probabilities. In this
manner, Brun and Wilde [19] reformulated the “linear-
ity trap” argument of Bennett et al. for a P-CTC model.
The authors considered three distinct quantum state rep-
resentations due to their various preparation procedures.
First, so called proper mixture, corresponds to an ensem-
ble of pure states. Second, improper mixture, describes
a subsystem of an entangled system. And last, funda-
mental mixture, that covers all other interpretations. As
authors state, these mixtures remain indistinguishable in
a linear quantum mechanics. In a nonlinear regime, how-
ever, one obtains different results depending on the ori-
gin of an input state (i.e., the type of a mixture). On the
other hand, according to [19, 23, 24], it seems that Ben-
nett’s et al. argument [14], which is based on choosing a
labeled mixture as a proper input state, does not differ-
entiate between the different possible interpretations of
a state.
Brun and Wilde [19] also examined some of the key
implications of P-CTC model, namely, the ability to dis-
tinguish linearly independent quantum states, as well as
the potential use of a single P-CTC qubit to complete
different computational tasks such as effective integers
factorization or solving NP-problems. It has also been
shown that the experimental realization of this model is
possible [16] due to a post-selection procedure involved.
The debate regarding which model, either D-CTC or
P-CTC, if any, is correct is still ongoing [20–26]. In this
work we consider aforementioned models of CTCs: D-
CTC and P-CTC, and explore their behavior with re-
spect to one of the most elementary laws of physics: the
second law of thermodynamics. In particular, we study
the entropy change of the CR quantum system that un-
dergoes transformation in different CTC-assisted quan-
tum circuits. We start by discussing the D-CTC model
in detail and then show that it allows the violation of
the second law of thermodynamics, when one “falls into
the linearity trap” of Bennett et al. As next proved, this
is no longer a case when the linearity trap is avoided,
namely when the evolution is performed on the initial
mixture of states rather then its components. In this
case, the entropy of evolving CR quantum system de-
creases. Then, we recall the Bennett’s and Schumacher’s
model of post-selected CTCs and show that for almost
any mixture it implies the violation of the second law of
thermodynamics. We summarize by interpreting our re-
sults in the context of a long lasting debate between the
enthusiasts of D-CTC and P-CTC model.
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FIG. 1. a) D-CTC quantum circuit, where two input states:
ρS and ρCTC interact with each other via a unitary operation
USCTC . The self-consistency condition enforces the output
state ρCTC of a qudit traveling along CTC to match the cor-
responding input state ρCTC . The output state ρ
′
S of a CR
qudit continues its travel into an unambiguous future; b) D-
CTC circuit that allows to violate the second law of thermody-
namics. The unitary operation USCTC is chosen as a product
of SWAP, controlled-Ui′ and controlled-Vi operations.
II. D-CTC AND THE SECOND LAW OF
THERMODYNAMICS
A. Preliminaries to a D-CTC model
The schematic of a CTC-assisted quantum circuit
based on Deutsch’s model is presented in Fig. 1 a). It
covers two spacetime regions: the one that preserves the
time chronology (CR), and the other where the chronol-
ogy is violated (CV). The input ρS (the density matrix of
a quantum system S) that enters the former region from
the unambiguous past, interacts with the input ρCTC
(density matrix of a CTC system) existing in the latter
region, and afterwards, it continues its travel into unam-
biguous future.
Before interaction, the systems are treated as sepa-
rated and therefore the initial state is described by prod-
uct of density matrices:
ρSCTC = ρS ⊗ ρCTC . (1)
The interaction set by a unitary operation USCTC causes
the entering system to evolve into a state
ρ′SCTC = USCTC(ρS ⊗ ρCTC)U†SCTC . (2)
Now, one imposes the self-consistency condition [4]
ρCTC = TrS(ρ
′
SCTC) (3)
on the final state ρCTC of a CTC qudit, that results from
tracing out the system ρ′SCTC defined in Eq. (2) over
subsystem S. Note that the self-consistency condition (3)
enforces the initial and final state of the CTC qudit, that
appear respectively on the right-hand side (RHS) of Eq.
(2) and left-hand side (LHS) of Eq. (3), to be the same.
3Deutsch showed that the fixed point of transformation
(3) always exists.
After interaction, the state of the CR qudit
ρ′S = TrCTC(USCTC(ρS ⊗ ρCTC)U†SCTC) (4)
is a nonlinear function of the initial state of system ρS ,
since it depends on both: ρS itself and ρCTC (3) that
also depends on ρS .
B. Can the second law be violated with D-CTC?
Now, we will use above model of D-CTC to examine
the entropy change of a state of a qudit traveling along
the CR trajectory. It remains an intriguing and difficult
question in itself of what physical outcome one should
expect. Indeed, in a CTC-assisted quantum model the
time evolution is rather peculiar: in one region the sys-
tem moves forward in time, whilst another system moves
forward and backward in time. Additionally, quantum
systems moving within both regions are allowed to inter-
act and make an impact on each other.
According to Deutsch [4], the chronology violation does
not affect the validity of the second law of thermody-
namics, which still applies. However, as we show in the
next paragraph, with an appropriate choice of an uni-
tary operation USCTC , one can cause the entropy of a
chronology-respecting state ρS to decrease. In our calcu-
lations of the entropy change, the starting and end points
are taken when the only object in the system is qudit S.
This is possible since CTC exists only for a finite period
of time, and therefore it does not contribute to the en-
tropy of a system in these chosen moments. Also, we
assume that the state of the surrounding environment
does not change for these points.
When working within a D-CTC model framework, one
has to be aware of Bennett’s et al. “linearity trap” ar-
gument. Therefore, for a complete analysis, we begin
with a mixed state ρS and study the problem using two
approaches. Firstly, in the spirit of [9], we evolve each
component of a mixture separately and then average over
obtained evolutions. Speaking a language of Bennett et
al., we let ourselves “fall into a linearity trap”. In the
second approach, the mixed state is evolved as a whole,
and the “linearity trap” is avoided. Interestingly, these
two approaches lead to very different conclusions.
C. Approach 1: Violation of the second law of
thermodynamics in a D-CTC model
Let us consider a proper mixture, i.e, a statistical en-
semble {pk, |ψk〉} of states |ψk〉 with respective probabil-
ities pk, which gives the initial state of a d-dimensional
system S in the form:
ρS =
∑
k
pk|ψk〉〈ψk|. (5)
In our first approach we choose the interaction between S
and CTC systems in such a way to intentionally violate
the second law of thermodynamics. In particular, we
show how to construct a D-CTC-assisted quantum circuit
that transforms the initial state (5) into a pure state |ϕ〉.
The above transformation will be examined by evolving
each component {|ψk〉} of a mixture (5) separately and
then averaging over obtained evolutions.
To this end, let us first choose the unitary operation
as
USCTC=
(∑
i
Vi ⊗ |i〉〈i|
)(∑
i′
|i′〉〈i′| ⊗ Ui′
)
SWAP, (6)
where the first two components are controlled-Vi and
controlled-Ui′ operations, respectively, and SWAP =∑
j,j′ |j〉〈j′|⊗|j′〉〈j|. An associated CTC quantum circuit
is shown in Fig. 1 b).
Next, we need to define both sets of unitary trans-
formations {Uk}, {Vk} from Eq. (6) such that the ini-
tial mixed state is mapped to a pure state and that the
fixed point of the self-consistency condition (3) is unique.
Therefore, we choose Uk and Vk to satisfy the following
equations:
Uk|ψk〉 = |k〉, (7)
Vk|k〉 = |ϕ〉, (8)
for each k. In Appendix A we prove that such choice
guarantees the existence of the unique self-consistent so-
lution ρCTC = |k〉〈k|. Now, our approach is to study an
evolution of the component of an initial proper mixture
instead of a whole state (5). And so, the component-
wise evolution of the initial state of the whole system
throughout the circuit reads as:
USCTC(|ψk〉 ⊗ |k〉)
=
(∑
i
Vi⊗|i〉〈i|
)(∑
i′
|i′〉〈i′|⊗Ui′
)
(SWAP)(|ψk〉⊗|k〉)
=
(∑
i
Vi⊗|i〉〈i|
)(∑
i′
|i′〉〈i′|⊗Ui′
)
(|k〉 ⊗ |ψk〉)
=
(∑
i
Vi⊗|i〉〈i|
)
(|k〉 ⊗ |k〉)
= |ϕ〉 ⊗ |k〉, (9)
where in the third equality we used Eq. (7), and in the
last equality Eq. (8).
Next step is to average over obtained evolutions,
i.e.,
∑
k pk(USCTC(|ψk〉〈ψk| ⊗ |k〉〈k|)) =
∑
k pk(|ϕ〉〈ϕ| ⊗|k〉〈k|, where we used Eq. (9). One can note that by
tracing out the obtained state over subsystem CTC, one
obtains the pure state |ϕ〉 as an output state of the sys-
tem S, as desired.
Let us now examine the change of entropy of the state
of CR system due to the above transformation. Before
interaction, the von Neumann entropy S(
∑
k pk|ψk〉〈ψk|)
4of the initial mixed state of the qudit S is nonzero. Since
the entropy of a final pure state is zero, S (|ϕ〉〈ϕ|) = 0,
we observe the decrease of entropy which indicates the
violation of the second law of thermodynamics.
To sum up, in this approach we intentionally “fell into
a linearity trap” of Bennett’s et al. by making an analysis
only for pure states that compose an initial proper mix-
ture, and then inferring about their mixture. This way,
with an appropriate choice of quantum circuit operations
we were able to violate the second law. Clearly, now a
question arises: how would the entropy of the CR state
change when the initial mixed state evolves from the be-
ginning as a whole. In the next paragraph we present an
approach to this issue. In particular, we purposely avoid
“falling into a linearity trap” and show that in such case
the violation of the second law is not possible regardless
of the nature of an input state as well as the unitaries
used.
D. Approach 2: Conservation of the second law of
thermodynamics in a D-CTC model
In this approach we avoid so called “linearity trap”
introduced by Bennett et al. As an input CR state we
choose either improper or fundamental mixed state ρS ,
and examine how it evolves in the D-CTC quantum cir-
cuit under a unitary interaction. As it turns out, in such
case the entropy never decreases. Below a reformulation
of the Deutsch’s proof [4] which uses the notion of mutual
information is presented [27].
Before interaction, the states of qudits S and CTC are
assumed to be completely uncorrelated (1), and therefore
the quantum mutual information I of an initial system
SCTC is zero:
I(ρSCTC) ≡ S(ρS) + S(ρCTC)− S(ρSCTC) = 0, (10)
where S denotes the von Neumann entropy. After inter-
action, the quantum mutual information is given by:
I(ρ′SCTC) ≡ S(ρ′S) + S(ρCTC)− S(ρ′SCTC), (11)
with the self-consistency condition (3): ρ′CTC = ρCTC
being fulfilled. Now, since the mutual information is al-
ways non-negative:
I(ρ′SCTC) ≥ 0 (12)
one obtains:
S(ρ′S)− S(ρ′SCTC) ≥ S(ρS)− S(ρSCTC), (13)
which combines Eq. (12) with Eqs. (10) and (11). Using
the fact that interaction is unitary (and thus does not
change the entropy S(ρ′SCTC) = S(ρSCTC)), Eq. (13)
simplifies to:
S(ρ′S) ≥ S(ρS), (14)
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FIG. 2. a) P-CTC quantum circuit, where the unitary opera-
tion U12 acts on a qudit 1 in a state ρ1 and qudit 2 from a max-
imally entangled pair in the state |Φ+〉23. Afterwards, qudits
1 and 3 are projected onto the state 〈Φ+|13 with probability
1, and a state ρ′2 of qudit 2 is post-selected; b) P-CTC cir-
cuit that allows to violate the second law of thermodynamics.
The unitary interaction is chosen in a form of controlled–Ui′
operation.
and so the entropy of the CR system does not de-
crease. Indeed, for improper and fundamental mixtures
the above approach yields the second law of thermody-
namics always holds. However, there is no clear agree-
ment on how the proper mixtures interact with CTCs.
There can be two cases: 1) either they interact with
CTCs as a whole and therefore they follow exactly the
same approach as the improper and fundamental mix-
tures described above, or 2) the evolution runs for indi-
vidual components of a mixture (which corresponds to
the approach 1 from Sec. II C). It remains question-
able whether CTCs discriminate between proper and im-
proper mixtures and therefore it cannot be definitely con-
cluded whether D-CTC would lead to violation or con-
servation of the second law of thermodynamics.
III. P-CTC AND THE SECOND LAW OF
THERMODYNAMICS
A. Preliminaries to a P-CTC model
The post-selected closed timelike curve (P-CTC) [15]
is presented in Fig. 2 a). In the P-CTC-assisted circuit
there are 3 inputs: qudit 1 in a state ρ1, and a pair of
qudits (2 and 3) in a maximally entangled state |Φ+〉23.
This results in an overall initial state ρ:
ρ = ρ1 ⊗ |Φ+〉23〈Φ+|23. (15)
Qudit 1 interacts with a qudit 2 from the entangled pair
through the unitary operation U12. After interaction, a
state of qudits 1 and 3 is projected onto a maximally
entangled state |Φ+〉13 with probability 1, unlike an or-
dinary quantum measurement. The output of the circuit
is a state ρ′2 of qudit 2. Before renormalization it reads
5as:
ρ˜′2 = 〈Φ+|13UρU†|Φ+〉13, (16)
where U = U12 ⊗ I3 and ρ is given in Eq. (15).
The above state (16) is a result of a nonlinear evo-
lution. This is due to a post-selection where the out-
come is chosen with certainty (because of renormaliza-
tion). Therefore, in a P-CTC model the issue of nonlin-
earity remains, however of a different nature to that in a
D-CTC. Brun and Wilde reconsidered a “linearity trap”
problem in P-CTC [19] and stated that it is inherently
associated with a different characterizations of evolving
states: proper, improper or fundamental mixtures, which
are no longer equivalent in a nonlinear regime. When
Bennett et al. presented the “linearity trap” argument
[14], they seemed to treat labeled mixtures as fundamen-
tal mixtures, which was later criticized by other authors
[23, 24]. The same problem arises in the presence of a
post-selected CTC. Depending on the approach, one can
obtain utterly different results. When initial state is de-
scribed as a proper mixture and the components of that
mixture are evolved separately and subsequently renor-
malized, the original weights in the mixture remain unaf-
fected. However, for the evolution of a whole mixed state
(i.e., when the initial state is treated as a fundamental
mixture), the original weights may become updated and
dependent on the full mixture. Let us recall that the first
case corresponds to our first approach to D-CTC and the
second law of thermodynamics in Sec. II C, and the other
to the second approach in Sec. II D.
B. Can the second law be violated with P-CTC?
A P-CTC model has a distinctive feature – one can
post-select with certainty on any measurement outcome
[16, 17], even using a single qubit [19]. Since the output
state of a P-CTC circuit can be chosen with certainty,
depending on the initial state one should be able to ei-
ther increase or decrease entropy. It remains a matter
of accurate unitary operations selection to achieve either
case.
In the next subsection we intentionally aim to violate
the second law of thermodynamics. To this end we con-
struct a P-CTC-assisted circuit with an appropriately
chosen unitary operations which lead to decrease of en-
tropy. In particular, we transform an initial ensemble of
pure states into a single pure state of choice, e.g. |0〉.
For clarity, we follow the analogical approaches as in
the case of D-CTC model, i.e., first we evolve the compo-
nents of the initial proper mixture and then average over
evolutions; in the second approach we evolve the whole
mixture. Note that in our example, one approach seems
sufficient because regardless of weights in the final mix-
ture (either unaffected or updated), the resulting output
state still will be |0〉.
C. Approach 1: Violation of the second law of
thermodynamics in a P-CTC model
Consider state of the first qudit:
ρ1 =
∑
l
pl|ψl〉1〈ψl|1 (17)
which follows from a statistically prepared ensemble of
initial states:
|ψl〉1 =
d−1∑
i=0
ali|i〉1 (18)
that satisfy the normalization condition
d−1∑
i=0
|ali|2 = 1. (19)
The maximally entangled state of the second and the
third qudit is given by:
|Φ+〉23 = 1√
d
d−1∑
j=0
|j〉2 ⊗ |j〉3. (20)
Since we first perform evolution on each component of
an initial mixture separately, we begin with a pure state
of a whole system:
|ψ〉123= |ψl〉1⊗|Φ+〉23= 1√
d
d−1∑
i,j=0
ali|i〉1⊗|j〉2⊗|j〉3, (21)
where we used Eqs. (18) and (20).
As showed in Fig. 2 b), the first two qudits evolve
due to the controlled-unitary operation U12, whereas the
third qudit remains untouched. We choose the overall
evolution U :
U = U12 ⊗ I3 = (
d−1∑
i=0
|i〉〈i| ⊗ Ui)12 ⊗ I3 (22)
such that
Ui =
d−1∑
j=0
|fi(j)〉2〈j|2, (23)
where fi(j) is a function to be chosen later on. The initial
state of the system (21) evolves then as:
U |ψ〉123 = 1√
d
d−1∑
i,j=0
ali|i〉1 ⊗ |fi(j)〉2 ⊗ |j〉3. (24)
Next step is to post-select the state of second qudit with
certainty. After renormalization it reads as:
|ψ〉′2=
〈Φ+|13 (U |ψ〉123)
|〈Φ+|13 (U |ψ〉123) |=
∑d−1
i=0 ali|fi(i)〉2
|∑d−1i,k=0 alia∗lk〈fk(k)|fi(i)〉2| .
(25)
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FIG. 3. Illustration of the action of permutation functions
fi(j) for i, j = {0, 1, .., d − 1}. The special cases for i =
{0, 1, d−1} are explicitly depicted, whereas the omitted illus-
trations for the cases for i ≥ 3 are analogous as for i = 2.
Let us now impose the following two conditions. First,
as established earlier, we choose the post-measurement
state to be |ψ〉′2 = |0〉, which requires that
fi(i) = 0, ∀i. (26)
Second, the operation U must be unitary, i.e., UU† =
U†U = 1, which simplifies to
UiU
†
i = U
†
i Ui = 1, ∀i. (27)
To fulfill the first condition (26), we choose functions
fi(j) as permutation functions shown graphically in Fig.
3 and defined explicitly in the Appendix B. Indeed fi(i) =
0,∀i, and so the condition (26) is obeyed. Moreover, since
each fi(j) represents permutation, the second condition
(27) is immediately satisfied.
Eventually, using a condition (26) in Eq. (25), one
sees that the P-CTC-assisted circuit can transform each
component of a mixture into the same state (here: |0〉).
After averaging over evolutions, we obtain that the ini-
tially mixed state becomes a pure state with entropy zero.
Consequently, we can observe the decrease in entropy and
that the second law of thermodynamics is violated.
D. Approach 2: Violation of the second law of
thermodynamics in a P-CTC model
In the second approach we evolve the full mixture (cf.
Eq. (15)):
ρ =
1
d
N∑
l=0
pl
d−1∑
m,n,
k,j=0
alka
∗
lj |k〉1〈j|1⊗|m〉2〈n|2⊗|m〉3〈n|3,(28)
where we used Eqs. (17), (18) and (20), and where coef-
ficients satisfy the normalization condition
d−1∑
k=0
|alk|2 = 1. (29)
First, the above mixture (28) undergoes the unitary evo-
lution given by operator U defined in Eq. (22) with (23).
Next, a transformed state of a whole system ρ′ is pro-
jected into an entangled state |Φ+〉13 with probability 1.
This gives the final unnormalized state of qudit 2 in the
form (cf. (16)):
ρ˜′2 = 〈Φ+|13UρU†|Φ+〉13
=
1
d2
N∑
l=0
pl
d−1∑
k,j=0
alka
∗
lj |fk(k)〉2〈fj(j)|2. (30)
Following the condition (26), we obtain that ∀kfk(k) = 0
and ∀jfj(j) = 0, and therefore the state (16) is a mixture
of pure states |0〉. Although the upcoming renormaliza-
tion would alter the original weights pl in the mixture,
it does not affect the result since we mix only one pure
state |0〉 with different weights. Eventually, we obtain a
final pure state: ρ′ = |0〉2〈0|2 with entropy zero.
Again, in this approach, we observe that the P-CTC-
assisted circuit with appropriately satisfied conditions
(26) and (27), allows to transform a mixture of states into
a state with zero entropy. If the entropy of initial state is
nonzero, we observe the decrease of entropy throughout
the procedure and therefore violation of the second law.
IV. DISCUSSION
In our work we have examined whether the second law
of thermodynamics holds under the two basic models of
CTC-assisted quantum circuits: Deutsch’s (D-CTC) and
post-selected (P-CTC). For a D-CTC model we estab-
lished that if we let ourselves “fall into a linearity trap”
by calculating the average of evolutions performed indi-
vidually on the components of an initial mixture, then
the total entropy of the system decreases and therefore
the second law of thermodynamics is violated. On the
other hand, when we avoid falling into such a trap, i.e.,
the evolution is performed on the whole input state, the
total entropy does not decrease. In the P-CTC model,
however, regardless of approach, the second law of ther-
modynamics is violated.
There are two ways in which one can interpret the
obtained results for a D-CTC model. Firstly, one can
look at it in such a way: the system whose entropy we
study moves forward in time. In this case, one could
expect the second law of thermodynamics to hold, es-
pecially since the entropy is calculated at the points in
time where CTC either does not yet or no longer exists.
Therefore, if in this case our approach 1, i.e.,“falling into
a linearity trap”, allows to violate the second law, one
7could conclude that either of two things can happen: a)
the approach is incorrect or b) a D-CTC model itself is
inaccurate.
On the other hand, one may look at the problem from
a very different perspective. Namely that a quantum sys-
tem, whose entropy is studied, interacts for a finite period
of time with some other system which travels backwards
in time. This may influence the entropy in yet unknown
manner. In this case, we cannot definitively state what to
expect, but the violation of the second law could remain
a possibility. Therefore, our conclusions from the second
approach of “avoiding linearity trap” which indicate that
entropy always increases (and so the second law always
holds) could be a surprising result that casts doubt on a
D-CTC model.
A separate issue is the matter of whether the ap-
proaches of “falling into” or “avoiding a linearity trap”
are correct at all. In literature [6–9, 11–14, 23, 24], the
peculiar implications of the CTC-based models were al-
ways related to the chosen approach. If the equivalent of
our first approach was chosen, then peculiar phenomena
such as perfect cloning or distinguishing of nonorthogonal
states were observed. Likewise, we observed something
bizzare – a violation of the second law of thermodynam-
ics. Only by using Bennett’s et al. argument we could
“save” the second law, just as Bennett et al. have “saved”
the quantum mechanics laws in the presence of CTC.
In the case of P-CTC model, both of our approaches
led to the same conclusion: the second law of thermo-
dynamics was violated. This was however only a result
of our choice of unitary operations and the final state
that was obtained upon their use. A P-CTC model is
based on the post-selection with certainty. Using this
feature, we performed the unitary operation in such a
way that the output was a state with lower entropy, and
we showed that it is indeed achievable. However, equally
likely one could choose such operations that would lead
to the entropy either greater or equal to the entropy of
initial state.
Now, we encounter the same issue as previously for the
D-CTC model. It involves one of the fundamental long-
standing open problems in physics i.e., the nature of time
itself and its role in the description of physical reality in-
cluding CTCs. In particular, we see that if our thermo-
dynamic criterion would imply so called “thermodynamic
arrow of time” [31, 32], which seems to“tolerate” D-CTCs
more than P-CTCs, then the D-CTC model could turn
out to be more reasonable.
It is impossible to unambiguously determine this dis-
pute in favour of any of the aforementioned models of
CTCs. However, the importance of the investigations
performed here is highlighted by the fact that now the
characteristics of these models can be better understood
and provide an indispensable basis for future investiga-
tions. Moreover, we have shown that careful considera-
tion of the approach used in CTC-assisted quantum cir-
cuits may lead to different implications on other related
theories, such as thermodynamics. Remarkably the lat-
ter has been recently considered [28] as a consequence
of information conservation [29, 30]. Then it cannot be
excluded that the information conservation principle is a
necessary condition for physical (nonlinear) extensions of
the quantum theory.
Of course, other issues remain as to what are the phys-
ical meanings of the Deutsch’s type models and whether
their physical implications can be truly observed using
experimental methodologies. Finally, the investigation of
such models may also shed some light on the epistemic
and formal gap between general relativity and quantum
mechanics [33, 34].
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Appendix A: Proof of the self-consistency condition
Here we show that ρCTC = |k〉〈k| constitutes a unique solution of a self-consistent condition (3). The state
transformation is specified by the unitary operation USCTC introduced in the main text in Eqs. (6) and (7) – (8).
The initial pure state of a system S that, together with a state of CTC system, undergoes the above transformation
is given by |ψk〉.
We begin by showing that ρCTC = |k〉〈k| satisfies the self-consistent condition (3). RHS of (3) with ρCTC = |k〉〈k|
8reads as:
TrS
(∑
i
Vi ⊗ |i〉〈i|
)(∑
i′
|i′〉〈i′| ⊗ Ui′
)
SWAP (|ψk〉〈ψk| ⊗ |k〉〈k|) SWAP
∑
j′
|j′〉〈j′| ⊗ U†j′
∑
j
V †j ⊗ |j〉〈j|

=TrS
(∑
i
Vi ⊗ |i〉〈i|
)(∑
i′
|i′〉〈i′| ⊗ Ui′
)
(|k〉〈k| ⊗ |ψk〉〈ψk|)
∑
j′
|j′〉〈j′| ⊗ U†j′
∑
j
V †j ⊗ |j〉〈j|

=TrS
(∑
i
Vi ⊗ |i〉〈i|
)(
|k〉〈k| ⊗ Uk|ψk〉〈ψk|U†k
)∑
j
V †j ⊗ |j〉〈j|

=TrS
(∑
i
Vi ⊗ |i〉〈i|
)
(|k〉〈k| ⊗ |k〉〈k|)
∑
j
V †j ⊗ |j〉〈j|

=TrS
(
Vk|k〉〈k|V †k ⊗ |k〉〈k|
)
=TrS (|ϕ〉〈ϕ| ⊗ |k〉〈k|)
=|k〉〈k| ≡ ρCTC . (A1)
In the third equality we used Eq. (7) and in the fifth equation Eq. (8).
Next, we prove that this solution is unique. For this reason, let us consider the self-consistent condition (3) once
again, but now for a general state of a CTC system in the form ρCTC =
∑
m,n ρmn|m〉〈n|. To show the uniqueness
of our solution, we need to prove that all coefficients ρmn are null, except for one which is equal to one: ρkk = 1. To
this end, we simplify the self-consistency condition (3) as follows:
ρCTC=TrS
(∑
i
Vi ⊗ |i〉〈i|
)(∑
i′
|i′〉〈i′| ⊗ Ui′
)(∑
m,n
ρmn|m〉〈n| ⊗ |ψk〉〈ψk|
)∑
j′
|j′〉〈j′| ⊗ U†j′
∑
j
V †j ⊗ |j〉〈j|

=TrS
(∑
i
Vi ⊗ |i〉〈i|
)(∑
m,n
ρmn|m〉〈n| ⊗ Um|ψk〉〈ψk|U†n
)∑
j
V †j ⊗ |j〉〈j|

=TrS
 ∑
i,j,m,n
ρmnVi|m〉〈n|V †j ⊗ |i〉〈i|Um|ψk〉〈ψk|U†n|j〉〈j|

=
∑
i,j,l,m,n
ρmn〈l|Vi|m〉〈n|V †j |l〉|i〉〈i|Um|ψk〉〈ψk|U†n|j〉〈j|
=
∑
i,j
(∑
m,n
ρmn〈n|V †j Vi|m〉〈i|Um|ψk〉〈ψk|U†n|j〉
)
|i〉〈j|. (A2)
Note that in the first line, the SWAP operation has been already executed. Now, let us write the LHS of Eq. (A2) as
ρCTC =
∑
i,j
ρij |i〉〈j|. (A3)
From Eqs. (A2) and (A3) we get that
ρij =
∑
m,n
ρmn〈n|V †j Vi|m〉〈i|Um|ψk〉〈ψk|U†n|j〉. (A4)
As mentioned earlier, to prove the uniqueness of the solution ρCTC = |k〉〈k|, we need to show that only one
coefficient from ρij (A4) is nonzero and equals to one: ρkk = 1. Let us then rewrite Eq. (A4) by substituting
9i = j = k, and simplifying further:
ρkk =
∑
m,n
ρmn〈n|V †k Vk|m〉〈k|Um|ψk〉〈ψk|U†n|k〉
=
∑
m
ρmm|〈k|Um|ψk〉|2
= ρkk|〈k|Uk|ψk〉|2 +
∑
m6=k
ρmm|〈k|Um|ψk〉|2
= ρkk +
∑
m 6=k
ρmm|〈k|Um|ψk〉|2. (A5)
Given that the operators {Uk}, {Vk} form sets of unitary transformations, in the second equality we used that fact
that V †k Vk = I. Next, we splitted the RHS of (A5) into two expressions: first for m = k, and second for the remaining
m’s. In the last equality we used the relation (7) from the main text.
At this point we got to the Eq. (6) from the proof of Brun et.al [9]. The authors proceed there by formulating
two sufficient conditions for the solution to be unique. First, Um|ψm〉 = |m〉,∀m, that corresponds to our Eq. (7),
and second, 〈k|Um|ψk〉 6= 0,∀k,m which implies ρmm = 0 for all m 6= k, and therefore ρkk = 1. Authors complete the
proof by showing the construction of a set of unitary operators {Um} that satisfy the above conditions. The rest of
our proof follows the same steps.
Appendix B: Explicit form of the permutation functions fi(j)
Below we provide an explicit form of the permutation functions fi(j) represented graphically in the main text in
Fig. 3. The functions fi(j) are given by:
fi 6={1,d−1}(j) =

j → j + 1, ∀j 6=0,i,i−1,d−1
i↔ 0,
(i− 1)mod d→ i+ 1,
d− 1→ 1,
(B1)
and for special cases of i = 1 and i = d− 1, respectively by:
f1(j) =

j → j + 1, ∀j 6=0,1,d−1
1↔ 0,
d− 1→ 2,
(B2)
and
fd−1(j) =

j → j + 1, ∀j 6=0,d−2,d−1
d− 1↔ 0,
d− 2→ 1.
(B3)
Such definition assures that the operation U (22)–(23), defined in terms of fi(j), is unitary, and also that fi(i) = 0
for every i, as demanded.
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